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This paper describes a new approach to the dynamic and magnetic properties of solid a  and /? 
oxygen which is based on two theoretical developments. First, we have constructed the lattice 
and spin Hamiltonian for solid 0 2 by including explicitly the interactions between the triplet 
ground state 0 2 molecules as obtained mainly from recent ab initio calculations. The spin 
coupling parameters in this Hamiltonian, especially the Heisenberg exchange parameter «ƒ, are 
strongly dependent on the positions and orientations of the molecules. Secondly, we have 
developed an integrated scheme for lattice dynamics and spin wave calculations which uses 
this Hamiltonian. The actual mixing between the lattice modes, phonons and librons, and the 
magnons appears to be small; their interaction can be largely taken into account by 
renormalization of the coupling terms. In the lattice dynamics part of the calculation it is 
essential to include the Heisenberg term, since it is the extremely strong anisotropy of the 
coupling parameter J  that explains the anomalously large libron splitting in a-0 2. The spin- 
wave calculation with the Hamiltonian averaged over the lattice vibrations yields reasonable 
values for the magnon frequencies with no empirical fit parameters.
I. INTRODUCTION
Solid oxygen is one of the most interesting molecular 
crystals because of its behavior as a magnetic material. This 
behavior is due to the rather unique property of the 0 2 mole­
cule of possessing a (triplet) electronic spin momentum in 
its ground state. In the condensed phases these spin mo­
menta can be coupled in various ways which are related to 
the geometrical order of the molecules, and this leads to a 
very rich phase diagram .1,2 Most studies have been devoted 
to the a  and ¡3 phases. Under its own vapor pressure the a  
phase is stable from 0 to 23.9 K and the/? phase from 23.9 to 
43.8 K, but the latter phase remains stable until above room 
temperature at higher pressures. Both these phases are struc­
turally ordered. The 0 2 molecules are arranged in layers 
parallel to the a-b plane, see Fig. 1, with their axes perpen­
dicular to this plane. In the rhombohedral/? phase the order 
within the layers is close packed hexagonal, whereas in the 
monoclinic a  phase the hexagons are slightly distorted. The 
a-0 2 solid is a two-sublattice antiferromagnet, with the spins 
preferentially aligned parallel to the +  b axis. For /?-02 
short range antiferromagnetic order in three sublattices with 
120° angles between the spins has been deduced from experi­
ment. It is now generally believed that the structural distor­
tion from the geometrically most favorable close packed ¡3 
phase to the a  phase is driven by the magnetic (Heisenberg 
exchange) interaction between the molecules; the antiferro­
magnetic order in a-0 2 leads to a lower magnetic (and total) 
energy than that in ¡3-0 2.
Many more experimental data of various kinds, optical, 
magnetic, and thermodynamic, have been collected on Gr­
and ^-oxygen.1-7 The theoretical approaches which have 
been made in order to interpret these data clearly fall into 
two categories. On the one hand, one has tried to understand 
the elastic and optical properties via standard harmonic lat­
tice dynamics calculations.8-10 These calculations have ig­
nored the open shell (triplet) character of the 0 2 molecules 
and they have used a standard empirical atom-atom poten­
tial which is common between closed shell molecules. A 
typical feature that cannot be explained by such calcula­
tions, despite the possible variation of the parameters in the 
empirical potential, is the splitting of the optical (q =  0) 
libron mode which occurs at the phase transition from f i -02 
to a - 0 2. Given the small structural distortion of a - 0 2 with 
respect to/?-0 2, this splitting is very large indeed (more than 
30 cm - 1 ). Since the lattice dynamics calculations all gave a 
splitting of 10 cm “ 1 at most, it was usually assumed that the 
higher frequency peak in the Raman spectrum of a-0 2 corre­
sponds with a two phonon/libron or libron-magnon transi­
tion. Recent experimental data6 seem to invalidate this as­
sumption, however, and so the anomalously large splitting 
has still to be explained.
On the other hand, one has interpreted the magnetic 
data by means of spin-wave calculations based on a pure spin 
Hamiltonian.3,4,11,12 The following form is generally accept­
ed for this Hamiltonian in a-0 2:
Hspin =  - 2  X  JppSP-SP. + Z (A S 2Xp+ B S 2yp). (1)
P < P ' P
The first term is the usual Heisenberg exchange term, which 
couples the spins Sp and S P> on the lattice sites P  and P'. 
Since this term, which is isotropic in the spin, was not suffi­
cient to explain the experimental data, one has simply added 
two single particle spin terms with the anisotropy param­
eters A and B. The first of these terms, with A > 0, keeps the 
spins preferentially directed perpendicular to the molecular 
axes (i.e., to the c* axis which we take to be th e x  axis). The 
second single particle term with B  > 0 determines the prefer­
ential spin axis within the a-b  plane, i.e., the b axis (which 
we take as the z  axis ). The parameters JPP •, A , and B f are
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(a) a - 0 2 C2/m
FIG. 1. Crystal structures of (a )  a-oxygen and (b) /?-oxygen.
regarded as empirical constants. They must be chosen such 
that the properties calculated from this Hamiltonian via 
mean-field or spin-wave models agree with the measured 
data. The exchange coupling constant JPP> is only included 
between nearest and next-nearest neighbors within the a-b 
plane and between nearest neighbors in adjacent planes; it is 
negative for all these pairs, i.e., the coupling is antiferromag­
netic. In a few papers this Hamiltonian has also been applied 
to /?-02 setting the in-plane anisotropy parameter B equal to 
zero.
It will be clear from this description that the spin Hamil­
tonian ( 1) is a purely phenomenological one; it has not been 
derived from the properties of the interacting molecules. 
Still, there is some justification for each of its terms. The 
form of the Heisenberg term can be derived from first princi­
ples.13,14 The term A S  2 is believed to correspond to the in­
tramolecular spin-orbit and spin-spin coupling, 15 which 
would indeed yield such a term for every 0 2 molecule if the 
molecular axes are placed parallel to the x  axis (the crystal 
c* axis). The free molecule value of the constant A equals 
5.712 K. The term B S 2y is believed to originate from the 
magnetic dipole-dipole interactions between the triplet 
spins of the 0 2 molecules. The only justification for this term 
is that it leads to the same preferred magnetization direction 
(parallel to thez  axis or crystal b axis) as a classical dipole- 
dipole interaction model, with the correct order of magni­
tude for the anisotropy parameter B.
The treatments based on the phenomenological spin 
Hamiltonian (1) are unsatisfactory, however, in that they 
have led to very different sets of parameters JPP>, A, and B 
when the results were fitted to different experimental data. 
This is most clearly demonstrated in DeFotis’s review3
which contains parameters from various papers that vary by 
an order of magnitude. Although it is argued in a recent 
paper4 that the results are becoming more consistent if the 
appropriate corrections are made, it is typical that even there 
the empirical values of A and B  are only half the “ free mole­
cule” values. In view of the small distortions of the molecu­
lar charge distributions16 by the weak van der Waals interac­
tions in solid 0 2, this is hard to explain (at least at low 
pressures). Moreover, we find it very unsatisfactory that the 
Hamiltonian (1) represents the magnetic dipole-dipole in­
teractions between pairs of molecules P and P '  by a single 
particle term.
From the stability considerations on the a - p  phase 
transition it is obvious that structural changes and the mag­
netic coupling are strongly related in solid 0 2. In some re­
cent theoretical treatments of this phase transition9,10,17 one 
has included the dependence of the Heisenberg coupling pa­
rameter JPP> on the distance R PP> between the molecules, as 
derived from temperature and pressure dependent measure­
ments.18,19 From ab initio electronic structure calculations 
in our institute20,21 the same distance dependence has been 
obtained, but it has been found, moreover, that JPP> depends 
very sensitively on the orientations of the molecules P  and P 
This being the case, the Heisenberg spin operator depends 
strongly on the displacements of the molecules in the lattice, 
both translational and orientational, and it is no longer justi­
fied a priori to perform separate lattice dynamics and spin- 
wave calculations.
In a recent communication22 it was announced that we 
have developed an integrated lattice dynamics and spin- 
wave scheme which includes the coupling between phonons, 
librons, and magnons. This scheme starts from a Hamilto-
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nian which is based on first principles. The spin-independent 
potential VPP. in this Hamiltonian and the geometry depen­
dent Heisenberg coupling parameters J PP> have been ob­
tained from quantum chemical ab initio calculations. Also 
the geometry dependence of the coupling param eter^ in Eq. 
(1) is explicitly included and the last term from Eq. (1) is 
replaced by the exact two-particle operator for the magnetic 
dipole-dipole interactions. The results of this approach are 
mostly in good agreement with experimental data, without 
any fitting of empirical parameters. However, this approach 
does not only provide, from first principles, results which 
can be compared with measurements, it also offers a physical 
explanation of some of the observed phenomena. In the pres­
ent paper, this new approach is more fully presented and its 
results are discussed.
II. THEORY
A. The spin-dependent intermolecular potential and the 
Hamiltonian of solid 0 2
The interactions between ground state 32 g- 0 2 mole­
cules depend on the coupling between their triplet electronic 
spin momenta. So, for example, if we take a pair of 0 2 mole­
cules the two triplets can couple to a singlet, a triplet, or a 
quintet. Neglecting in first instance the spin-orbit coupling 
and the magnetic dipole interactions, each of these three 
dimer spin states leads to its own potential surface. It is in 
fact by calculating the three potential surfaces for an 0 2- 0 2 
dimer that the leading terms in the spin-dependent 0 2- 0 2 
potential have been obtained.20,21. The exchange interac­
tions, in particular, cause the energy separation between the 
three surfaces. It has been found from the ab initio calcula­
tions that the three 0 2- 0 2 potential surfaces can be accurate­
ly represented by the following expression
V PP' p p')  2»/ (r pp' jCo P ,co ^ j')Sp*Sp>. (2)
The first, spin-independent, potential is the (multiplicity 
weighted) average of the S  =  0, 1, and 2 potential surfaces. 
The second, Heisenberg, term accurately describes the split­
ting between the three surfaces. The latter result implies that 
the quintet-triplet splitting is almost exactly twice the tri­
plet—singlet splitting, for any geometry of the 0 2- 0 2 dimer 
in the van der Waals distance range. The geometry of the 
dimer is characterized in an arbitrary system of axes by the 
vector rPP' = r P- — rP, with rP and rP- describing the center 
of mass positions of the molecules P and P ', and by the polar 
angles coP = (0P,(f>P) and coP> = (GP t(f>P>) describing the 
orientations of both molecules.
Thus it has been found that the Heisenberg coupling 
parameter JPP . depends on the positions and orientations of 
the molecules P  and P ', just as the spin-independent poten­
tial VPP>. Actually, the anisotropy of the parameter JPP> is 
much stronger even than the anisotropy of VPP>. The orien­
tational dependence of both these quantities can be explicitly 
expressed by the expansions:
V { f p p ‘ f C O  P y C 0 f >  '  )
=  (477' ) 3/2 ^ l a,Lb,L ( r PP' ) A l a,Lb>L ( f p p ' i M p i t e p '  )>
J ( rPP’ jCoPfCOP' )
=  ( 4 7 r ) 3/2 ^  ¡ L ^ L f r L  (rPP' iTpP' >ti>p>COp' )
(3)
in the complete orthonormal set of angular functions:
^  La ,Lb,L ( r PP ‘ ,COp,û)p' )
l a l b l \  
m a m b m )
X Y % f{c o P) Y % \a > P.)Y t t 'C rPp )  (4)
w ithrFP. denoting the polar angles (GPP’ & PP' ) of the vector 
Tpp'. The symbol in large brackets is a 3-y coefficient and 
(6,(f)) are normalized spherical harmonics.23 All the 
physical information is contained in the expansion coeffi­
cients. The coefficients vL L L (rPP.) contain long range rPP"
contributions from electrostatic multipole interactions 
(n = 5, 7, 9, etc.) and from dispersion interactions (n =  6, 
8, 10), as well as short range (overlap) contributions from 
exchange and charge penetration effects which depend ex­
ponentially on rPP'. The Heisenberg expansion coefficients 
Jl l  l ^ p p ' )  are exponential functions of rPP. as they are/Af
generated purely by exchange effects. Most of the contribu­
tions to the coefficients vLa L^l  ( rPP. ) and the complete coef­
ficients jLA'Lb,l i rpp') have been explicitly calculated by ab 
initio quantum chemical methods.21 Therefore, we can di­
rectly use Eqs. (3) and ( 4 )  as an analytical spin-dependent 
0 2- 0 2 potential. The observation that the Heisenberg pa­
rameter JPP- is more strongly anisotropic than the spin-inde- 
pendent potential VPP. is reflected by the slower convergence 
of its spherical expansion ( 3 ). It has been found21 in particu­
lar that the coefficient j L/{.LB,L L A =  L B =  4 and L =  8 
is even larger than the isotropic L A = L B = L  =  0 contribu­
tion for most distances of interest. This is related to the nodal 
character of the antibonding tts orbitals in the 0 2 molecules 
which contain the unpaired electrons that couple to th e 32  ~ 
ground states.
If we wish to write down the complete spin-dependent 
potential for a pair of interacting 0 2 molecules we have to 
add the effects of spin-orbit and magnetic dipole (spin- 
spin) coupling. It is well known15 that in the free 0 2 mole­
cule the effects of spin-orbit and spin-spin coupling in the 
electronic ground state can be represented by the following 
operator:
A _ m_ m' (co)SmSm> (  /)> (5)
_  . \fti m — m — tn /m,rn
where co =  ( 6>(f) ) describes the orientation of the molecular 
axis, Am(co) is a second rank tensor:
Am(co) = \ A j 3 0 C ™ { c o ) ,  (6)
C ' f ( 6 , à )  is a Racah spherical harmonic23 and S,„ with 
m =  — 1, 0,1 are the spherical components of the spin oper­
ator S. Equation (5) expresses the coupling between the di­
rection of the triplet spin-momentum S and the direction of 
the molecular axis in a general coordinate frame. For a free 
0 2 molecule the coupling constant A equals 3.96 cm -1 
=  5.712 K, but also in van der Waals complexes of 0 2 with
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rare gas atoms very nearly the same value of A has been 
found.24,25 So, we can include the intramolecular spin-orbit 
and spin-spin interactions by writing a single-particle opera­
tor of the form (5) for every 0 2 molecule P. In addition we 
include the magnetic dipole-dipole (spin-spin) interactions 
between the triplet magnetic momenta ge /uBS P and 
Se I^ b Sp' of different molecules P and P ', with ge = 2.0023 
and [iB being the Bohr magneton. These interactions can be 
written as follows:
1 1
m ,m m  m
2
m — m
(7)
with the magnetic dipole-dipole interaction tensor:
(tpp' ) ( 8)
and the spin momenta S P and SP. expressed in spherical 
components.23
Combining all the spin-dependent interactions we can 
write the complete spin Hamiltonian for solid 0 2:
H spin 2 ^  J ( rpp * yCop 9cop*) Sp * Sp 
p<p'
P  m ,m '
X
1 1 2
m m m m
+  X  X  'T -m -  m' (r
P < P ‘ m , m
P P
X
1 1 2
m m m m
(9)
This Hamiltonian has been derived from first principles and 
it applies to any phase of solid 0 2 (and to the liquid). It has 
three terms just as the phenomenological spin Hamiltonian 
(1). All the spin coupling parameters in this new Hamilto­
nian (9) are dependent on the molecular positions rP and 
orientations coP, however, and the last single-particle aniso­
tropic spin term in Eq. (1) has been replaced by a two-body 
operator.
The dependence of the spin Hamiltonian on the molecu­
lar positions and orientations, which is explicitly given by 
Eqs. (3 ) - (8 ) ,  will couple the spin waves (magnons) to the 
lattice vibrations (phonons and librons). In order to calcu­
late this coupling we need the complete lattice and spin 
Hamiltonian. This Hamiltonian reads as follows:
H  = H 0 + H,spin (10)
with H spin given by Eq. (9) and
with M  and I  being the molecular mass and moment of iner­
tia, respectively, and V (rP ) and 1 (coP) being the gradient 
and angular momentum operators. The spin-independent 
potential V has already been specified in Eqs. (2) and (3).
One more preparatory job has still to be performed be­
fore we can actually make lattice dynamics and spin-wave 
calculations with the Hamiltonian (10). All the two-body 
terms in Eqs. (9) and (11) contain the vector rPP- as a vari­
able, i.e., the difference vector of the instantaneous position 
vectors r P* and rP. In lattice dynamics one has to know the 
potential explicitly as a function of the molecular displace­
ments Up =  rP — Rp from their equilibrium positions R P. 
This problem can be solved by expanding all functions de­
pending on rpp. as a double Taylor series in uP and uP. , in­
cluding harmonic (second order) as well as anharmonic 
(higher order) terms. In practice this is not simple but the 
procedure has been completely described in Ref. 26. Alter­
native procedures can be thought of, in principle, as long as 
they yield the potential explicitly as a function of uP and uP-. 
So, from here on we will assume that all the terms in the 
potential that depend on rpp- are now dependent on uP and 
Up<. If we had applied the usual formalism for lattice dynam­
ics calculations, i.e., the harmonic or quasiharmonic meth­
od, then a similar expansion for the angular displacements 
should have been made. By using a new method developed in 
our institute,26-29 which is valid also for large amplitude li- 
brations, we avoid this problem.
We end this section by writing the different terms in the 
potential in a form that clearly shows on which variables 
they depend and, moreover, is convenient for use in the next 
section:
Vpp> — V (.Up fCO P ;Up < ,co P •) — V( Tpp - yCo P ,coP >), 
W^ pp' — Up yCop jSp ;Up< ,coP' ,Sp»)
— 2J (r pp< jCop,cop')  Sp Sp<,
X P = X(coPiS P )
X  A  -  m - m ’ (<*>P ^ m p S m 'p
m 9m
x l l 2m m m m
YPP. — FiUpjSpjUp-jSp-)
Xmfm
T _ m _ m> ( rpp- )SmpS m,
X
1 1 2
m  m m m
(13)
i /0 =  X n rp ) + X L W +  X  v (tpp-><»p ><»p -)- ( i i )
p p p<p‘
The latter Hamiltonian is ordinarily used in lattice dynamics 
calculations. It contains the kinetic energy terms for the 
translational and librational motions of the molecules:
T (rP)
2 M
V (Tp),
L,(C0p) *  I 2(ffl.p) 21
( 12)
B. Integrated lattice dynamics and spin-wave formalism
Both the common spin-wave formalism11,30 and the lat­
tice dynamics methods developed in our institute26-29 for 
large amplitude librons and for libron-phonon coupling use 
the time-dependent Hartree (TD H ) method or random 
phase approximation (R PA ). Therefore, it seemed conven­
ient to use the same method for an integrated formalism that 
includes magnon-phonon and magnon-libron coupling as 
well. We start with the mean field (M F) approximation and, 
in analogy with the phonon-libron method,26 we write sepa-
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rate M F single particle Hamiltonians for the translational 
vibrations;
H p ( u P) = T(uP) +  ^  (V(Up,0)p;Up.,0)p.))rrp.,LP.
P'^P
-j- ^  ( JV(Up,cOp,Sp;Up> yCOp- ,SP> ) Tp, s 
p'^p
+  X   ^ ,SP. ) ) TptSp-
p ' ^ p
p'
(14)
for the librations:
H  p(cüp) = L(cOp ) +  X   ^V(Hp)COP\\lP‘ ,COP' ) ) Tp.,Lp-
FVP
+  X  ( ,&)ƒ>. ,Sp- ) Tp;Lp;Sp.
P'^P
4* (^ (^ p ,S p  ) )Sp (15)
and for the spins:
H  p (Sp)  — ^  ( W(\Xpi(0 p,Sp\\Xp' ,C0P< ,SP> ) ) Tp.,Lp.,Sp-
p ' ^ p
-f- (X(coP,Sp) ) L
H-  X   ^^ ( u p»S P ; i ip - ,S p -  ) ) t p .,s p .'
p v p
(16)
The different potential terms are defined in Eq. (13). The 
subscripts and superscripts on the angle brackets denote MF 
Hamiltonians over which the thermodynamic averages 
should be taken, and so the M F problems for the transla­
tions, librations, and spins have to be solved self-consistent- 
ly. The only difference with the usual M F procedure is that 
the three problems are coupled, but this can be taken care of 
in the iterative process that is required to reach self-consis­
tency.
The manner to diagonalize the M F Hamiltonians in 
practice is to introduce a basis for each type of “motion” of 
the molecules. For the translational motions we use a basis of 
three-dimensional spherical harmonic oscillator functions 
\Xk!ji (up )) and f°r librational motions a basis of tesseral 
harmonics (&>ƒ>)), just as in Ref. 26. For the single­
molecule spin states the basis is given by the three triplet spin 
functions |<S,Af5 ) with S  = 1 and M s = — 1,0 and 1. Dia- 
gonalizing Eqs. (14), (15), and (16) in these bases produces 
the MF states.
From the single-molecule M F states the crystal states 
can be constructed:
(17)
=  0 fori iThe ground state is obtained by setting iT = 
all molecules P. Singly excited states have one of these in­
dices iK not equal to zero. We can define excitation operators
cule and the orientation of its spin momentum (apart from 
averaging or renormalization effects). Correlation can be 
introduced by the RPA or TDH method which produces 
collective excitations, i.e., phonons, librons, and magnons in 
our case. Moreover, the R P A /T D H  method takes into ac­
count the magnon-phonon, magnon-libron, and phonon- 
libron coupling. For the last this has already been demon­
strated in Ref. 26 in pure lattice dynamics calculations. We 
also refer to this paper for details of the formalism; here we 
only present the outlines of the theory for T  =  0 K. The 
method consists of approximating the exact Hamiltonian
(9 ) - (  11) by a Hamiltonian which is quadratic in the excita­
tion operators ap})f and their Hermitian conjugates a :
H 2  I  2 A % : V KJ K- ) a W a % l .
P , P '  K , K '  iK, j K .
' ) t  
Vat+ 2 2 2
P , P '  K < K '  iK, j K .
+  Hermitian conjugate]. (18)
These operators a{p ^  and are assumed to obey boson 
commutation relations. The terms with K ' = K  lead to pure 
phonons (K = T), librons (K = L) ,  and magnons (K  =  5), 
the coupling terms with K  ^ K '  yield also mixed excitations. 
Even the single-particle coupling terms ( K ^ K \P  = P ')  
which have been neglected at the MF level are thus reinclud­
ed into the formalism. The expressions for the coupling coef­
ficients^ pp'\iKij K' ) and B pp'U k J k ' ) can t>e obtained by 
equating the matrix elements of the Hamiltonian (18) to 
those of the exact Hamiltonian (10) in the basis (17).
In order to be able to diagonalize the Hamiltonian (18) 
for the infinite crystal, we first apply the translational sym­
metry by writing excitation operators:
1
X « - * * « 8 3 * ,
yjN R
(19)
where q is a vector in the first Brillouin zone, R a primitive 
translation vector of the crystal, I  labels the different sublat­
tices, and TV is the number of unit cells. A specific molecule P 
in the crystal is thus labeled by the position vector R of the 
origin of its unit cell and by its sublattice index I. Substitut­
ing the operators (19) and their Hermitian conjugates into 
the Hamiltonian (18), the latter becomes a direct sum of 
independent Hamiltonians for every wave vector q. The ex­
act excitation operators of the crystal CA (q )+ must satisfy the 
following equation of motion:
[tf ,C A(q )+] =  &y,l (q)CA(q ) t 
by expressing these operators as
(20)
K
Q(q)t= 2
K.IJk
-q)]-
dp*;)+ for each type of motion K  = T,L,  or S, that replace \pqp (21)
* 1C
on particle P  by ipfKP. In the M F method the motions of the
individual molecules are still uncorrelated. In our particular Equation (20) with the Hamiltonian (18) will be exactly 
M F scheme we have further neglected the coupling between 
the translational and the librational motion of a given mole-
solved, if the expansion coefficients (x  
eigenvectors of the following matrix:
a ,+  )^ x u. )) are the
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q (LS) _  $>(LL) _  < p ' L r >
E {T)  +  0 ( r r ) Q í TS)
<j>cre>t E (S)  +  Q i S S ) _  ( J j U ) ' _  0 ¡re>*
0 Í L L ) < J > ( L D <P(LS) ______£  (£*) ________
_  cJj ' í -7')
< J ) (7 D <$>(TS) - E (T) -  0 <rr>
c j j a s ) * <t>[SS)4
0(L5)
(£(55)
E (S) CJ)(S5)
( 2 2 )
The sub-blocks of this matrix which are labeled by K  = T, 
K — L, and K  — S  for phonons, librons and magnons, re­
spectively, are defined as follows, with the operators written 
as in Eq. (13):
( E iK))n*‘K’ jJk
JJl
I ' Ii& JjS
(<£CSS))
f‘S‘ JJs
( t>iSS)) „I'S’ JJs
JJs
X e'q'R
R
< < I0'V ^ RJ}
x v, +  W I),
Jt
R
X F.{0 ,/H R , J) + W.{0,/}{R. J} + Y{0,/MR. J} I),
^ y r R  < yfio-n
R
^ e * *  < ^ R'>
R
+ Y,
R
X w.{0,/}{R. J) + Y{0./}{R. J} I).
R
R
X V{0./}{R, J} +  w.{0 , /H R . J} I)
Jt V.(a . i ) p +  W {0,1} P I).
/q-R ( < l0•í, | w {0,/}{R, J) I f i5{R.y}^
R
+  8 u  X  < < {0-/> Wl0.,yp | )
^ e.q-R < ^ ( 0. , )^ " .  ,) | W
{ o . / K r .  j } I)
R
+  <5 / y X < ^ M \ W'{0./}P I)
(■<!)( re> x
I > 1<T- JJs X e'q'R
R
( < (0-ƒ>
{ 0 . /K R .7 }  +  ^ { o . /K R .  J}  l ^ ¿ <R' J>)
+  <5;, X  < ^ r °J)I W
,S{0.I)
{0,1}P T  ^ {<),ƒ}ƒ> I ^7S+  r . >,
(d)(TS))2 > IiT, Jjs 2 /  
R
Js
{o. /}{r . ./} +  Y (0./>{R. J } I)
w (o , I}P +  Y{o , I}P l>. 
(23)
Here Aef. is a MF excitation energy to the state iK of the MFA
Hamiltonian H  p. Single-molecule ground states have been 
omitted from the notation of the matrix elements for brevity. 
The eigenvalues of the matrix (22) are the excitation ener­
gies of the crystal fkoA (q), and the corresponding deexcita­
tion energies, which in principle correspond to mixed 
phonon-libron-magnon (K — L,T,S)  excitations.
C. Separate lattice dynamics and spin-wave treatments
As shown by the results (Sec. I l l )  of applying Sec. II B, 
the actual mixing between phonons and librons, on the one 
hand, and magnons, on the other, is small in the case of a  and 
¡3 oxygen, except for some isolated points in the Brillouin 
zone. This is caused by the smallness of the TS  and L S  cou­
pling blocks in the matrix (22). So it is possible to describe 
most of the properties of these systems in good approxima­
tion by separate lattice dynamics and spin-wave treatments. 
These treatments are still essentially different from the ear­
lier separate treatments, however. In principle, we base each 
formalism on the complete lattice and spin Hamiltonian 
(9 ) - (  11). The mean-field calculations for the translational 
vibrations, for the librations and for the spins are made as in 
Sec. II B, Eqs. (14)—(16), and the separation only implies 
that we solve the RPA problems separately for the phonons 
and librons and for the spin waves. Although from the point 
of view of the calculations this is not a great simplification, 
conceptually the separation is advantageous. We treat the 
lattice vibrations in the averaged field of the spins and the 
spin waves in the average field of the vibrating molecules. Or, 
in the actual calculations, those terms in the complete Ham ­
iltonian (9 ) - (  11 ) that depend both on the lattice vibrations 
and the spins are averaged over the spins when calculating
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the lattice modes and averaged over the molecular vibrations 
when calculating the spin waves. This thermodynamic aver­
aging, sometimes called renormalization, is performed in the 
sense of M F theory. Moreover, the separation allows practi­
cal simplifications because some of the renormalized terms 
are insignificant.
Let us now be specific about the essential differences 
between our separated treatment and the earlier calcula­
tions. In the older lattice dynamics calculations8-10 only the 
Hamiltonian H 0, given by Eq. (11), has been taken into 
account. In our lattice dynamics calculations we have in­
cluded, moreover, the first two terms from the spin Hamilto­
nian (9), averaged over the spin states from a MF calcula­
tion. Especially the Heisenberg term with the spin factor
(S p 'S p . ) / .  turns out to be crucial, see Sec. I ll ,  because of 
the extremely strong dependence of the coupling parameter 
J  on the molecular orientations coP. The third term in Eq. 
(9) appears to be insignificant for the lattice dynamics cal­
culations, and also the effects of the second term are of minor 
importance.
In our spin-wave calculations we have used the spin 
Hamiltonian (9) with coupling parameters 
(J(rPP.,coP,coP. )), (Am(coP)), and (T m(rPP. )) averaged 
over the vibrational wave functions of the molecules. When 
we identify these averaged parameters with the spin-cou- 
pling constants in Eq. (1), our spin Hamiltonian (9) be­
comes conceptually similar to the phenomenological one in 
Eq. (1). Two essential differences persist, however. Our 
coupling parameters have been obtained from ab initio cal­
culations, not by fitting the experimental data. Secondly, the 
third term in Eq. (9) is a two-body term obtained from a first 
principles expression for the intermolecular spin-spin inter­
actions; in Eq. (1) it is a single-molecule term.
As an illustration we now briefly present a simplified 
spin-wave theory for a-0 2 based on the first principles spin 
Hamiltonian (9). Just as in the older spin-wave theory11 
based on Eq. (1), the RPA problem can be solved analytical­
ly in this case. First we define the averaged coupling param­
eters:
J p p .
A m
(J(rpp',c0p,c0p' )) 
(Am(coP) ) Lp,
T p ,L p  
T p ‘fIj p • ?
(24)
T m P P  ' (T m (*>/>' ) )
1 P
PP' j  /  t d.>
and the q-dependent lattice sums:
/ ( q ) intra X  Jpp ■ e‘qR for 1' =  /,
R * 0
J(Q) inter ^ / p p ■ eZq-R for I ' ^ I ,
R
Tm{ q) intra I T
R^O
m P P .etq-R for / ' = / ,
Tm( q) inter Y ? ,m P P .eiq‘R for / V / (25)
R
for molecules P = {0,7} and P ' = { R , 7 T h e n ,  the mean- 
field spin Hamiltonian for a molecule P on a given sublattice 
reads as follows:
H U S p ) 2 X  Jpp Sp *  (Sp-)Spi
p' ^ p
1
m,m p\m
1
m
2
m — m
P ' ^ P  rn,rn'
m ' ) P P ' S m p
X >m p  *
i i 2
S  r >  • m m m m
(26)
and we have to diagonalize this Hamiltonian between the
triplet spin states | 1), |0), and 1) of molecule P. The
average spin directions (SP ) on the molecules P ' are as­
sumed to be parallel when they are on the same sublattice in 
a - 0 2 and antiparallel when they are on a different sublattice. 
If the monoclinic b axis is taken as the spin quantization axis 
( thez axis) the 3 x 3  Hamiltonian matrix is blocked and the 
MF ground state for the molecule P can be written as
I g) =  | l ) c o s ( a / 2) l ) s i n ( a / 2)e,/? (27a)
in terms of two variational parameters a  and/?. The ground 
state sublattice magnetizations lie along the crystal b axis, 
i.e., (Sx ) = (Sy ) = 0. The first excited state is simply given 
by
ex) =  |0>. (27b)
In this simple model it is assumed, as in the older spin wave 
treatments, that the second excited state \e2), which corre­
sponds to two-magnon excitations, is irrelevant and that the 
temperature equals zero. Then the average magnetization is 
a simple function of the parameter a:
(5 ) =  cos a (28)
and the MF equations (26) can be written analytically as 
ft =  arctan [ Im (^ 2)/Re(v42) ].
a = 2 arctan 1^4 2
. ( X 2 cos2 a  +  \A212) 1/2 — X cos a.
(29)
with the constant
X 2V 5[/(oy
+  V Ï [ 2 ro ( 0 )
intra
intra
Z (0)inter]
- r o(0) inter] (30)
and the parameters A 2, J { 0), and r o(0) given by Eqs. (24) 
and (25). From Eq. (29) a  can easily be found self consis­
tently, starting from a  =  0, whereas j.3 is directly given. The 
M F excitation energy is found to be
=  [ | ( X 2 cos2 a  +  |^ 2|2) ] 1/2 (31)
The second step in the spin-wave method involves the solu­
tion of the RPA equation, cf. Sec. II B. This problem is more 
complicated than the usual spin-wave problem11 with the 
Hamiltonian (1), due to the explicit consideration of the 
dipole-dipole interaction as a two-body operator and due to 
the tensorial character of the coupling parameters A and 
Tpp. . Still it can be solved analytically and the magnon fre­
quencies are given by
û>i,2(q) A e + Y intra I 2 Y
inter 12 +  Z inter z intra
+  2 [ I (Ae +  r in,ra)Z inter i n t e r a  intrajrint ^
{im ( Z  imraZ inter* ) }2 ] 1/2 (32)
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The constants Y and Z  (both for intra/inter) are fairly com- occurring in these equations have been explicitly calculated
plicated combinations:
Y 2J( q)
1
V30
T0(q)
1
V5
s in a R e ( e  ,ßT2(q)),
Z jß 2J(q )s in  a  + 1
V3Ö
r 0(q ) s in a
+
1
yß
Re(e ,/Sr 2( q ) ) +  / cos a  Im(e '^ r2(q))
(33)
of the q dependent lattice sums / ( q )  and Tm (q) defined by 
Eq. (25).
The lattice sum / ( q )  is easily calculated. Because of the 
exponential decay of JPP. with the intermolecular distance 
rPP. only the nearest and next-nearest neighbors within the 
layers parallel to the a-b plane and the nearest and next- 
nearest neighbors in the adjacent layers contribute. The lat­
tice sums Tm (q) over the (magnetic) dipole-dipole interac­
tion converge very slowly when taken in direct space. In 
order to evaluate these sums we have invoked the q depen­
dent Ewald formula31 which writes part of the sum in reci­
procal space and which leads to rapid convergence. The 
macroscopic term which occurs31 for q =  0 vanishes for an­
tiferromagnetic lattices. The magnon frequencies obtained 
by this simple analytical expression (32) can be compared 
with some of the numerically calculated eigenvalues of the 
full RPA matrix, Eq. (22), or with the eigenvalues of the 
pure spin blocks (SS) of this matrix. Thus, the results, which 
are discussed in Sec. Ill, inform us about the separability of 
the lattice dynamics and spin-wave problems and about the 
validity of the simplified model for the spin waves.
. RESULTS AND DISCUSSION
A. General remarks
The ab initio calculations on the 0 2- 0 2 dimer21 have 
provided the spin-independent 0 2- 0 2 potential VPP> and the 
geometry dependent Heisenberg coupling parameter JPP. di­
rectly in the form of a spherical expansion as in Eq. ( 3 ). For 
the expansion coefficients we have chosen the following 
forms:
VL A,Lß,L i r P P ' ) C l Z l b. l  exp( -  a L ^ B X r p p .
ß L A , L „ . L ^ P P ■ )  +  C  r
-  6 (8)
— ( L a + Lg  +  1 ) 
p p .
-  8
(10) 10
- r  l a ,l b,l  r p p . (34)
and
J l a ,l b ,l  i r p p ' )  —  C ' l a pl b ,l  e x P ( a L A,LB, L r PP'
ß  L A,LB, L r P P ‘ ) • (35)
C \n)r L for n =  8,10 were then related to the coefficients
in Ref. 21, except for the C l a , l b, l  • Apart from the leading
isotropic coefficient C ¿6q 0 , good values for these coefficients 
are not available in the literature either. So we have estimat­
ed these parameters C ^ L^L via simple model consider­
ations. In order to check whether this uncertainty influences 
the conclusions, three different sets of parameters C ^ LbJL
have been tested. The first set (A ) has been obtained by as­
suming that the 0 2- 0 2 dispersion interactions can be repre­
sented by a C (6)r~6 atom-atom potential, which is approxi­
mately equal to the potentials used by Kobashi et a /.,8 and by 
expanding this atom-atom r~6 potential in the form of Eq. 
(3). Explicit formulas for such expansions have been de­
rived.32 The second set (B ) has been obtained by using the 
same model, but now we have scaled C (6) in the atom-atom 
potential to the value that reproduces the experimental cell 
parameters in a-0 2 when the free energy is minimized by 
isotropic expansion of the lattice. In constructing the third 
set (C) we have started from the accurate semiempirical 
value33 of C q60 0 and taken the anisotropy factors C ^ tL L/  
C $.ofrom  Qb initio calculations.34 The higher coefficients
(n)
with n = 6 by using the same ratios calculated for the N 2- N 2 
potential.35 Some adjustments of these ratios had to be made, 
however, in order to obtain a reasonable lattice energy for a- 
0 2 and optical libron frequency in /?-02. All the three sets of 
parameters C are listed in Table I. Together with the
parameters given in Ref. 21 and with the 0 2 bond length and 
the values of the intra- and intermolecular spin coupling pa­
rameters, also given in Table I, these parameters completely 
specify the spin-dependent 0 2- 0 2 potential.
The cell parameters used in our calculations on a-0 2 
and/?-02 are listed in Table II. It would have been possible 
to optimize these cell parameters by minimizing the free en­
ergy, as we have done for nitrogen.26 We found this too ex­
pensive, however, and not very meaningful because of the 
uncertainty in the dispersion coefficients.
Next we specify the basis sets used in our (mean-field) 
calculations. The translational vibrations of the molecules 
have been expanded in a basis \Xk£(up))  ° f  three-dimen­
sional harmonic oscillator functions. For the displacement 
vectors uP we have used polar coordinates, so that the angu­
lar parts of the (isotropic) oscillator functions are given by 
spherical (or in practice, tesseral) harmonics and the radial 
parts by modified Laguerre functions, see Ref. 26. Conver­
gence of the M F states was reached for nmax = 3, but in order 
to ensure the correct behavior of the acoustic phonon 
branches in the RPA calculation, we had to include all oscil­
lator functions with « < « max =  5. As explained in Ref. 26, 
this is related to the translational invariance property of the 
lattice dvnamics formalism, which is satisfied for the RPA
The exponential contribution to Eq. (34) is due to overlap method, but only in the limit of a complete basis set. The
librational states of the molecules have been expanded in 
tesseral harmonics, i.e., real combinations of spherical har-
(exchange and charge penetration) effects, the second term 
is due to the electrostatic multipole interactions and the last
three terms arise from dispersion interactions. The expan- monies \ Y \ l \cop)) .  For homonuclear16 0 2 molecules, we
sion coefficients of the Heisenberg coupling parameter, Eq. only need functions with odd / because of the zero nuclear
( 35), just contain an exponential term because this coupling spin momentum and the 3Xg" symmetry character of the
is caused merely by exchange effects. All the coefficients electronic ground state. Since the librational states of the 0 2
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T A B L E  I. Expansion coefficients C ^ LgtLt Eq. (34),  (kJ mol 1 nm") and some other parameters in the poten­
tial, Eqs. ( 6 ) and ( 8 ).
L a l b L /■M 6)^  La.Lb.L C (8 ) c  ( l0>
Potential A : 0 0 0 — 0 .3990X 10- 2 — 0 .1456X 10 - 3 — 0 .3966X 10~ 5
2 0 2 •  • • - 0 . 1 0 4 2 X 1 0 - ’ -  0.4525 X I O - 5
2 2 0 •  • • •  • • — 0.8868X 10 - 6
2 2 2 •  • • •  • • 0 .1514X 10 - 5
2 2 4 •  • • 0 0 0 — 0.4876X 10- 5
4 0 4 0 0 0 0 0 0 -  0.9713 X 1 0 “ 6
Potential B: 0 0 0 — 0.5819X 10- 2 — 0.2123X 10 - 3 — 0.5783X 10 - 5
2 0 2 • • • — 0.1519X 10 - 3 -  0.6598 X lO “ 5
2 2 0 0 0 0 0 0 0 — 0.1293X 1 0 - 5
2 2 2 0 0 0 0 0 0 0.2208 X IO - 5
2 2 4 0 0 0 0 0 0 — 0.7110X 10~ 5
4 0 4 0  0 0 0 0 0 — 0.1416X 10 - 5
Potential C: 0 0 0 — 0.3574X 10- 2 — 0 .2489X 10- 3 — 0.1892X 10 - 4
2 0 2 — 0.2850X 10~ 3 — 0.4972X 1 0 " 4“ — 0.5629 X 10“ 5a
2 2 0 - O . I I O 8 X IO - 4 — 0.1795X 10- 5 -  0.6641 X lO " 6
2 2 2 — 0.1324X 10~ 4 0.3014X 10- 5 0.1085X 10- 5
=  0.1208 nm
A — 5.712 K  
& &  = 2 . 4 9 7 X 1 0 " 3
2
K  n m 3
2 4 — 0.1064X 10- 3 — 0.1443 X 10- 4 — 0.3567X 10~ 5
a In pure libron calculations the values C 2S2 =  — 0 .4 1 4 4 x 1 0  4 kJ mol 1 n m 8 and =  — 0.4691 X IO-5
kJ m o l - 1  n m 10 have been taken.
molecules in the a  and ¡3 solids are fairly localized, we need­
ed rather many of these free rotor functions for convergence. 
For /< /max =  13 the M F ground state was converged to 
within 1 cm -1 , the first two excitation energies to within 2 
cm -1 . The spin basis is simply given by the triplet functions 
IS,A/s) with S  =  1 and M s =  — 1,0, and 1.
It has been explained in Sec. II B that the pair terms in 
the potential, which depend on the intermolecular distances 
rPP. , have to be written as explicit functions of the displace­
ment coordinates uP and u^.. We have achieved this by 
means of a double Taylor expansion, including all terms in 
uP[Up2, up to powers a l +  a 2<4. The calculations on solid 
nitrogen,26 where the same method has been used, show that 
these terms are largely sufficient to take into account all the 
anharmonicity in the translational vibrations. Let us empha­
size at this point that our method is also valid for strongly 
anharmonic librations with very large amplitudes, because it 
retains the full orientational dependence of the potential. In 
some of the calculations, where we focus on the librons and 
magnons, we have kept the molecular centers of mass fixed 
on the lattice sites.
T A B L E  II. Cell param eters of solid oxygen.
a-O-,: a =  5.403 À
b =  3.429 A 
c =  5.086 Â 
ß =  132.53°
ƒ?-(),: a =  3.272 Â
c — 11.277 Â
In calculating the lattice sums for the pair terms in the
o
potential we have generally taken a distance of 9 A between 
the molecular centers of mass as the truncation distance. 
This implies that we have included 96 molecules in a-0 2 and 
84 molecules in /?-02. Only for the magnetic dipole-dipole 
interactions we had to extend the summations beyond this 
radius and to use Ewald’s method for accelerating conver­
gence, see Sec. II C.
B. Mean-field results
The results of the M F calculations for the translational 
vibrations, the librations and the spins of the 0 2 molecules 
may be summarized as follows. Translationally the mole­
cules in a - 0 2 vibrate as three-dimensional, nearly harmonic, 
oscillators. Two of the fundamental frequencies that corre­
spond with the vibrations in the ab plane are nearly equal, 
the third fundamental frequency for the vibration in the c* 
direction is about 50% larger. Apparently the potential is 
stiffer in the c* direction. This is confirmed by the smaller 
amplitude of vibration in this direction, see Table III. In/?-
0 2 the small anisotropy in the ab plane has disappeared, of 
course, and all the amplitudes have slightly increased.
The librational states of the molecules are rather local­
ized in a-0 2, and even in/?-02. They look like weakly anhar­
monic two-dimensional oscillator states, anisotropic in the 
case of a - 0 2 and isotropic for/?-02. The lower frequency in 
a -0 2 corresponds with libration about the a axis, the higher 
one with libration about the b axis. The root-mean-square 
angular displacements are only about 11°, as compared with 
16° (at r = 0 K )  for a-nitrogen.26,27 This agrees well with 
experimental data36 and with some of the earlier lattice dy­
namics calculations,37,38 whereas in other calculations10 the
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T A B L E  III. Translational and librational amplitudes from M F  calcula­
tions (potential C ) .a
a - 0 2 T =  O K
<w2) ,/2 =  0.1092 A 
(u2b) 112 =  0.1115 A 
(wj. ) 1/2 =  0.0889 A 
arccos( (cos2 6 ) l/2) =  10.84°
Asym m etry  parameter:“
(sin2 6>(sin2 <t> -  cos2 <£)) =  Q ^
(sin2 6 ) 
ß - 0 2 T  =  30 K
(u2a )1/2 = (u2h)1/2 = 0.1200 Â
(w2>,/2 =  0.0940 Â 
arccos( (cos2 6 ) l/2) =  11.16°
“The libration angles 6 and à are here defined as polar angles in a crystal 
frame with x  = a, y  = b, and z =  c*.
amplitudes are substantially higher, both for the translations 
and the librations. It has been suggested8,39 that the molecu­
lar axes in a  and ft oxygen are tilted with respect to the c* 
axis, but we have found no such tilt in ¡3-0 2 and only a very 
small tilt angle in a-0 2 ( — 0.3° about the b axis).
The effective Heisenberg coupling parameters which 
can be used in separate spin-wave calculations, see Sec. II C , 
are listed in Table IV. Only four of such couplings are signifi­
cant. All coupling parameters are raised in absolute value by 
the averaging over the translational vibrations, but lowered 
by librational averaging. The latter effect dominates. The 
resulting values for the nearest neighbor intersublattice cou­
plings in a - 0 2 and ¡3-0 2 fall well within the range of experi­
mental data quoted in DeFotis’s review,3 but they are less 
negative than the more recent experimental values.4,11,18 
These more negative values are mainly based on magnetic 
susceptibility data, however, which have only been inter­
preted via M F theory. The ratios JNNN/ J NN = 0.39 for a-0 2 
and JNN( /3-02) / J NN(a -0 2) =0.16  are in agreement with
experiment.4,11 The interlayer couplings are small and they 
become even smaller by librational averaging. This agrees 
with the experimental data that suggest a - and /?-0 2 to be 
quasi-two-dimensional magnetic systems,4,11,19 but the sign 
of our interlayer coupling parameters does not agree with 
experiment.5 We expect that the positive sign of the ab initio 
values for J ' may be incorrect, because the geometry of the 
interlayer neighbor pairs is close to geometries for which the 
calculated / '  values change sign.21 Although our calculated 
positive J '  would lead to a magnetic ground state of a -0 2 
with reversed spins an alternating layer, we have still based 
our M F and RPA calculations on the experimentally ob­
served magnetic ground state. The drawback of this discrep­
ancy is that the spin waves in our RPA calculations will 
become soft for some q vectors along the c* direction. Since 
the effect of the weak interlayer coupling on most properties 
is small indeed, we have, at this stage, not tried to correct this 
error.
In p - 0 2 the interlayer coupling causes still another 
problem. It has been pointed out by one of us40 and by oth­
ers,41,42 that the three-sublattice structure which is favored 
by the antiferromagnetic intralayer exchange coupling will 
be distorted by the interlayer coupling. So, in the ground 
state the magnetic structure of (3-02 will be incommensu­
rate40,42 and via the geometry dependence of the Heisenberg 
coupling terms, the symmetry of the lattice will be distorted 
too. This would complicate our calculations to a large ex­
tent. Since the effects of the interlayer exchange coupling are 
very small, we have omitted this coupling from our calcula­
tions on ¡3-0 2 and based ourselves on the experimentally 
observed geometry with the antiferromagnetic three-sublat­
tice structure. Also the magnetic dipole-dipole coupling has 
been left out of our spin-wave calculations on ¡3-02, and both 
anisotropic spin terms have been left out of the lattice dy­
namics calculations since they would lead to similar prob­
lems.
By calculating the Helmholtz free energy both for a- 
and /?-oxygen as a function of the temperature, we have in­
vestigated whether the spin-dependent potential correctly 
predicts the a-/3 transition. It is indeed found, as shown in 
Fig. 2, that the a  phase is more stable at low temperature and
T A B L E  IV. Effective exchange coupling param eters (in K ) ,  calculated with potential C.a
Averaged over
At equilibrium librations and
structure  librations translations translations
J  N N -  12.677 -  10.133 -  14.311 -  11.550
a - 0 2 J  N N N -  5.164 -  3.858 -  5.915 -  4.479
( T =  O K ) 1 'J  N N 0.538 0.352 0.547 0.346
J  '
J  N N N 0.368 0.274 0.374 0.272
^ N N - 9 . 5 6 1 - 7 . 3 9 1 -  11.120 - 8 . 7 1 4
ß - o 2 J  N N N - 0 . 0 0 2 - 0 . 0 0 1 - 0 . 0 0 2 - 0 . 0 0 1
( T =  3 0 K ) J 'J  NN 0.487 0.322 0.499 0.318
The Heisenberg exchange param eters J  and J '  refer to the intra- and interlayer couplings, respectively; the 
subscripts refer to (next)  nearest neighbors
“These results and also those in Table VII are slightly different from those in Ref. 22 because the latter have 
been calculated with potential B.
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unit cell in a - 0 2 is twice as large as the structural unit cell. 
We have used the larger unit cell that contains two molecules 
in our RPA calculations and so we find six phonon modes, 
four libron modes, and four magnon modes for every wave 
vector q in the (smaller) Brillouin zone. The dispersion of 
these modes for q perpendicular to the ac plane is shown in 
Fig. 3 and we have especially looked at the mixing between 
the lattice modes, phonons and librons, and the magnons. In 
general we find this mixing to be very small. It should origi­
nate mainly from the Heisenberg exchange term, but if we 
write the spin operator Sp-Sp. in second quantization44 we 
observe that the magnon creation and annihilation operators 
for the lower excited spin states do not occur linearly. So the 
Heisenberg term only couples the lattice modes with the 
higher excited spin states, the so-called two-magnon states. 
Additional, but also small, coupling is caused by the second 
term in the spin Hamiltonian (9), so that, altogether, the TS 
and L S  coupling blocks in the RPA matrix (22) remain very 
small. The only substantial amount of mixing occurs in those 
regions of the Brillouin zone where the dispersion curves for 
the lattice modes and those for the magnons would cross. 
Even the weak coupling then leads to an avoided crossing 
and to an interchange of character of the modes involved. 
This is demonstrated in Fig. 4, where an example of phonon- 
the/? phase at higher temperature. The calculated transition libron mixing is shown as well. Some of the corresponding 
temperature, 45 K, (experimentally 23.9 K) is too high, results for /?-02 are listed in Table VI.
-118-
T ( K )
FIG . 2. Free energy ( at zero pressure) for a  and (3 oxygen, from M F  calcu 
lations with potential C.
however. But, as one can observe in Fig. 2, the intersection of The lower magnon frequencies in Table V may be com-
the two free energy curves is fairly hard to determine. Since pared with the results from the simple analytical spin-wave 
we have not varied the lattice parameters and in view of the treatment presented in Sec. II C. The latter results are shown
uncertainty in the dispersion terms of our potential, the error 
in Taf3 is not surprising. These dispersion terms are spin- 
independent and not very anisotropic, so they will play little 
role in most of the properties discussed in the next section. 
They are important for the lattice stability, however, and 
thus for the a - p  transition temperature. Also the free energy 
calculated for a-0 2 at T  =  0 K, 10.67 kJ/mol, is in reasona­
ble but not perfect agreement with the experimental43 cohe­
sion energy of 8.66 kJ/mol.
in Table VII, first column. The agreement is very good in-
(j) (cm  )
120-
C. RPA results
Some results from the integrated lattice dynamics and 
spin-wave calculations are shown in Table V. The magnetic
100-
T A B L E  V. Phonon, libron, and magnon frequencies at q =  0 in a - 0 2 (p o ­
tential C).
co (cm  1 ) C harac ter
6.7 magnon, < 0 .1 %  libron
22.1 99.7%  magnon, 0 .3%  libron
39.3 99.2%  libron, 0 .8%  magnon (BR )
49.8a pure phonon
55.3a pure phonon
70.0a libron, < 0 .1 %  magnon
74.1 libron, < 0 .1 %  m agnon (A g )
86.8a pure phonon
101.3 magnon, <  0.1 %  libron
101.5 magnon, < 0 .1 %  libron
124.4a libron, < 0 .1 %  magnon
s
L
T  --------
L
L y
T /
r — —
L
s
“These modes correspond to modes at q =  (0 ,2 n/b ,  0) in the Brillouin zone 
of the s tructural lattice.
0.0 02 0.4 0.6 0.8 10
Reduced wave vector cp/ix
F IG . 3. Calculated (R P A )  dispersion curves for a-0 2, for phonon ( T), 
libron (L ) ,  and m agnon (5 )  modes propagating along the b axis. N ote  the 
avoided crossing and the interchange of T / L  character between two 
phonon-libron  branches at qb /7 t~ 0 .4 5 .
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(a) (b)
VO - i ----------------------------------------------
L
8 0 -  
6 0 -  
4 0 -  
20-
FIG . 4. (a)  Percentage of libron character of the two lib ron-phonon  
branches that show an avoided crossing in Fig. 3. (b) Percentage of libron 
character of the two upper l ibron-m agnon branches in Fig. 3, that become 
degenerate at qb / tt =  1.
deed; given the negligible amount of mixing between the 
magnons and the lattice modes at q =  0 this could be expect­
ed. The agreement with the measured magnon frequencies3 
is also very satisfactory, especially if one considers that none 
of the parameters in our spin-dependent Hamiltonian have 
been fitted. The different dispersion coefficients chosen in 
the spin-independent potential, see Table I, practically do 
not affect the magnon frequencies.
In order to compare our first principles spin Hamilto­
nian (9) with the phenomenological one, Eq. (1),  we have 
also made spin-wave calculations on a-0 2 with the latter. 
We have set the Heisenberg parameters JPP. equal to the 
calculated values, see Table IV. For the first anisotropy pa­
rameter we have taken the free molecule value, A =  5.712 K, 
and for the second parameter we have adopted the value 
B =  0.26 K that yields the same spin-anisotropy field as a 
classical dipole model. The results are listed in the second 
column of Table VII. The higher magnon frequency, which 
is mostly determined by the values of J  and A is almost the 
same as for the spin Hamiltonian (9).  In the latter Hamilto­
nian the coupling parameter A has been multiplied by a sec-
T A B L E  VI. Phonon, libron, and magnon frequencies at q =  0 in f i -0 2 ( po­
tential C).
co (cm  1) Degeneracy C haracter
0.0 1 pure magnon
15.0 2 pure magnon
39.5“ 2 phonon, < 0 .1 %  libron
53.4“ 2 99.8% phonon, 0 .2%  libron
54.3 2 pure libron (Eg )
70.8“ 2 93.4%  phonon, 6 .6%  libron
71.7 1 pure magnon
71.8 2 pure magnon
96.4“ 2 99.8%  libron, 0 .2%  phonon
96.4“ 2 92.7%  libron, 7 .3%  phonon
“T he modes correspond to modes at q =  2n/9a  (1, a»/3 ,0 )  and q =  2-rr/9a 
(1, — "v/3, 0) in the Brillouin zone of the s tructural lattice.
ond rank tensor, see Eq. ( 6), whose components have to be 
averaged over the librational states of the molecules, see Eq. 
(24). The anisotropy component along the*  axis (the crys­
tal c* axis) is still 95% of the free molecule value, however, 
and the components in the ab plane are smaller than 1%. 
This explains the observed similarity. The lower magnon 
frequency, which is mainly determined by J  and B , is rather 
different for the spin Hamiltonians (1) and (9).  We con­
clude that it is not justified to replace the exact magnetic 
dipole-dipole interaction operator in Eq. (9) by an effective 
single-molecule term in Eq. (1).
Let us now discuss the lattice modes in a- and /?-oxygen, 
especially the two libron modes that correspond with q =  0 
in the structural unit cell. These modes have been observed 
by Raman spectroscopy.6,36 In the hexagonal /? phase they 
are degenerate with Eg symmetry, at a frequency of 48 
cm -1 . In the monoclinic a  phase the a and b axes are no 
longer equivalent and, in principle, one finds two branches, 
one with Bg symmetry for the librations about the crystal a 
axis and one with Ag symmetry for librations about the b 
axis. The splitting between the two Raman peaks observed 
(at 42 and 74 cm - 1) for a-0 2 is very large, however, in view 
of the small structural distortion. Lattice dynamics calcula­
tions8,10 have never yielded a splitting more than 10 cm -1 . 
Therefore, it has mostly been assumed that the A g and Bg 
modes remain accidentally degenerate at about 42 cm “ 1 and 
that the higher frequency mode should be interpreted as a 
two phonon/libron or libron-magnon transition.8 In sup­
port of this explanation, it has been suggested by Kuchta45 
on the basis of model calculations that the Heisenberg ex­
change term would help in restoring the A g- B g degeneracy. 
Etters et a l 31 have proposed that the higher frequency be­
longs to a libron mode which lies at the edge of the Brillouin 
zone for the structural lattice, but which has q =  0 in the 
magnetic Brillouin zone. This mode could become visible in 
Raman spectroscopy when there is a strong coupling 
between the librons and the spins. The weakest point of all 
these interpretations is, however, that under various tem­
peratures and pressures no indication of the doublet charac­
ter of the lowest peak in a-0 2 has been observed. Recent 
temperature dependent Raman measurements6 suggest that 
the lower frequency peak corresponds with the Bg mode and 
the higher one with the Ag mode, so that the splitting would 
be about 32 cm - 1 indeed.
Our calculations offer a clear explanation of this prob­
lem. It can be observed in Table VIII that, for any of the 
three potentials that we have taken the splitting between the 
Bg and A g libron modes lies between 30 and 40 cm " *. Most 
of the splitting disappears if the Heisenberg term is omitted 
from the calculations. Therefore, the older lattice dynamics 
calculations which have not included this term8,10 or includ­
ed it via a simple empirical model,45 have failed to find this 
splitting. It is only by the extremely strong anisotropy of the 
Heisenberg coupling parameter J, which has been found 
from the ab initio calculations,21 that the large splitting is 
correctly reproduced. This is confirmed by the plot of the 
lattice potential in Fig. 5 along the normal coordinates for 
the Bg and A g librons, with and without the contribution of 
the Heisenberg term. We observe that this term lowers the
0.0 0 2  0.4 0.6 0.8 10
— i-----r~
0.0 0 2  0.4
"1---
0.6 0.8 10
Reduced wove vector qb/r
J. Chem. Phys., Vol. 86, No. 6,15 March 1987
A. P. J. Jansen and A. van der Avoird: a and/?-02.1 3595
T A B L E  VII. Optical (q =  0) magnon frequencies in a - 0 2 (potential C).
Calculated
First principles Semiempirical Experiment
from Eq. (9) from Eq. (1) with B =  0.26 K  Ref. 3
a>(cm- 1 ) 6.7 4.7 6.4
22.2 22.7 27.5
lattice energy of a-0 2 at the equilibrium geometry. At the 
same time it drastically increases the stiffness of the potential 
in the,4g direction, but much less in thei?g direction. Actual­
ly this was clearly visible already in Fig. 2 of Ref. 21.
The calculations with the different potentials A, B, and 
C also yield the correct relative magnitudes of the Bg and A g 
libron frequencies in a-0 2 with respect to the Eg frequency 
in /?-02. In any case, the inclusion of the Heisenberg term 
appeared to be essential. The values of the frequencies are 
best reproduced by potential C, which has been partly ad­
justed to the Eg frequency in /?-02.
IV. CONCLUSIONS
We have proposed a lattice and spin Hamiltonian for 
solid 0 2 with a form that is completely derived from first 
principles, and we have developed an integrated lattice dy­
namics and spin-wave formalism that can be used with this 
Hamiltonian. Apart from the kinetic energy and the spin- 
independent intermolecular potential, which are present in 
any molecular crystal, the Hamiltonian describes the cou­
pling between the 0 2 triplet spin momenta. The first of the 
spin-coupling terms is the usual Heisenberg exchange term, 
which is isotropic in spin space, the second one is due to the 
intramolecular spin-orbit and spin-spin coupling and the 
third term describes the magnetic dipole (spin-spin) inter­
actions between different molecules. Using well-known 
properties of the 0 2 32  ~ ground state and the results of ab 
initio calculations21 on the 0 2- 0 2 dimer, all the spin-cou­
pling parameters have been given (analytically) as functions 
of the (instantaneous) positions of the molecules in the lat­
tice and their orientations. The integrated lattice dynamics 
and spin-wave formalism, which is based on the random 
phase approximation, is an extension of a recent lattice dy­
namics approach.26“29 This approach has been developed for 
the description of large amplitude motions in molecular 
crystals and it has been applied already to solid N 2 We have
applied the extended formalism to solid 0 2 in the a  and /? 
phases.
Since especially the Heisenberg exchange coupling pa­
rameter is strongly anisotropic and dependent on the inter- 
molecular distance, a substantial coupling between the lat­
tice vibrations in solid 0 2 and its magnetic properties could 
be expected. The actual mixing between the lattice modes, 
phonons and librons, and the magnons appears to be small, 
however. Except for those (isolated) points in the Brillouin 
zone where the relevant dispersion curves show avoided 
crossings, this mixing can be neglected. Thus, it is possible to 
treat the lattice dynamics and the spin waves separately.
The lattice dynamics and spin-wave calculations which 
we have then made separately, are still substantially differ­
ent from the earlier treatments. In the lattice dynamics 
Hamiltonian we have retained the spin-coupling terms, with 
averaged spin operators. Especially the inclusion of the Hei­
senberg term with its strong anisotropy appears to be crucial. 
The spin factor (Sp'Sp. ) changes from ~  — 1 for the near­
est neighbors in a-0 2 to ~  — 0.5 for those in /?-0 2, which 
yields a discontinuity in the anisotropic potential at the a~P 
phase transition. The coupling parameters in our spin hamil- 
tonian have been obtained by averaging (renormalizing) the 
ab initio parameter functions over the lattice vibrations. So, 
in contrast with the earlier spin-wave treatments, we were 
not obliged to fit any empirical parameters. Another essen­
tial improvement upon these treatments is the explicit consi­
deration of the magnetic dipole-dipole interaction as a two- 
body spin operator. The only non ab initio data in our 
approach are the long range dispersion coefficients in the 
spin-independent potential. By choosing different values for 
these coefficients we have demonstrated, however, that our 
conclusions do not depend on this choice.
The optical (q =  0) magnon frequencies from the spin 
wave calculations on a-0 2 are in fair agreement with the 
values from infrared and Raman spectrometry. Especially if 
one considers that no parameter fitting was involved in these
T A B L E  VIII. Optical (q =  0)  libron frequencies in a  and f i -0 2 from pure libron calculations (cm  1).
Putting Including
J  —— 0 J  (r pp • tû) p f(o p • )
------------------------------------------------------------------------------Experiment
Potential A B C A B C Ref. 6
a - 0 2: Bg 23.9 19.7 38.9 25.3 21.5 39.9 42.6/42.0  (7 *=  13/20 K )
A a 37.8 34.7 50.7 63.1 60.7 72.2 74.2/72.0
O
0-O2: E, 28.4 24.6 42.9 42.4 39.6 53.6 48 .0 /42 .0  (T  =  2 5 /4 0  K )a
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(S.O.N.) with financial aid from the Netherlands Organiza­
tion for the Advancement of Pure Research (Z.W.O.).
-L £ 0 -|-------------1-------------1-------------1 r
- 2 0  -10 0 V  20
Angle of the molecules with the c —axis
FIG . 5. Variation of the potential energy of the a-0 2 crystal along the n o r­
mal coordinates L a and L b of the BK a.ndAy optical librations, respectively.
The dashed curves denote the potential without the Heisenberg exchange 
contribution; in the solid curves this contribution ( see Fig. 2 of Ref. 21 ) has 
been added.
calculations, this is very satisfactory and it supports the va­
lidity of our first principles Hamiltonian. A more detailed 
study of the magnetic properties of solid 0 2 will be described 
in a subsequent paper.46
The lattice dynamics results are even more rewarding. 
They have led to a unique assignment of the Raman (q =  0) 
libron peaks in a- and /?-0 2. The large splitting between the 
peaks in a-0 2 which could not be explained by any of the 
previous lattice dynamics calculations, appears to be caused 
by the extremely strong anisotropy of the Heisenberg ex­
change coupling parameter. For this reason, it was crucial to 
include the Heisenberg term in the lattice dynamics calcula­
tions and to know its dependence on the molecular orienta­
tions from ab initio calculations.
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